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Abstract
In this paper, we study the Q-curvature ﬂow on the standard sphere S4. We show that the
ﬂow converges exponentially for all initial data.
© 2005 Elsevier Inc. All rights reserved.
1. Introduction
In this paper, we study a fourth order parabolic equation arising in four-dimensional
conformal geometry. Let M be a compact manifold of dimension four, and let g be a
Riemannian metric on M. The Q-curvature is deﬁned by
Qg = − 16 (gRg − R2g + 3 |Ricg|2g),
where Rg and Ricg denote the scalar curvature and the Ricci tensor of g. Moreover,
the Paneitz operator associated with the metric g is deﬁned by
Pgf = 2gf + d∗g
[(
2
3
Rg g − 2Ricg
)
df
]
.
Note that the Paneitz operator is a symmetric differential operator of fourth order.
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The Q-curvature satisﬁes an interesting transformation law under a conformal change
of the metric. More precisely, suppose that two metrics g and g0 are related by g =
e2w g0 for some real-valued function w. Then the Q-curvature of g can be written in
the form
Qg = e−4w (Pg0w + Qg0),
where Qg0 is the Q-curvature associated with g0. Moreover, the Paneitz operator relative
to g is related to the Paneitz operator relative to g0 by
Pgf = e−4w Pg0f.
These formulas are analogous to the transformation law of the Gaussian curvature in
dimension two. In particular, the integral of the Q-curvature is a conformally invariant
quantity.
On the standard sphere S4, the Q-curvature is given by Qg0 = 6. In particular, we
have ∫
S4
Qg0 dVg0 = 162.
Moreover, the Paneitz operator is given by
Pg0 = 2g0 − 2g0 .
Note that this operator is positive semi-deﬁnite, and its kernel consists of the constant
functions.
Let g be a metric on S4 which is conformally equivalent to the standard metric g0.
Along the Q-curvature ﬂow, the metric is deformed such that

t
g = −(Qg − Qg) g,
where
Qg =
∫
S4 Qg dVg∫
S4 dVg
denotes the mean value of the Q-curvature (compare [3]). The Q-curvature ﬂow can be
reduced to a parabolic equation of fourth order. It can be viewed as a generalization of
the Ricci ﬂow on surfaces, which has been studied by Hamilton and others [6,7,10,11].
Theorem 1. Suppose that the initial metric is conformally equivalent to the standard
metric on S4. Then the Q-curvature ﬂow exists for all time, and converges exponentially
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to a limiting metric. The limiting metric has constant sectional curvature and is obtained
from the standard metric by pull-back along a conformal diffeomorphism.
In Section 2, we recall the deﬁnition of the functional Eg0 . This functional is de-
creasing along the Q-curvature ﬂow, and plays an important role in our analysis. In
Section 3, we modify the Q-curvature ﬂow by conformal transformations. This tech-
nique was introduced by Struwe in connection with the Ricci ﬂow on S2 (see [10]).
This allows us to derive uniform estimates in W 2,2. In Section 4, we prove that the
ﬂow exists for all time. In Section 5, we show that the ﬂow approaches a metric of
constant Q-curvature as t → ∞.
A similar fourth order ﬂow has been used by Malchiodi and Struwe to construct
conformal metrics with prescribed Q-curvature [8].
2. The energy functional and its lower bound
The Q-curvature ﬂow can be viewed as a gradient ﬂow to a certain functional. This
functional is deﬁned by
Eg0 [w] = 2
∫
S4
wPg0w dVg0 + 4
∫
S4
Qg0 w dVg0
−162 log
(
3
82
∫
S4
e4w dVg0
)
,
where g0 is a ﬁxed background metric on S4. In particular, if g0 is the standard metric
on S4, then the functional Eg0 takes the form
Eg0 [w] = 2
∫
S4
(g0w)
2 dVg0 + 4
∫
S4
|dw|2g0 dVg0
−162 log
(
3
82
∫
S4
e4(w−w) dVg0
)
.
This functional was studied by several authors, including Branson, Chang, Yang, and
Beckner (see [1,2,4]). In particular, it is known that the functional Eg0 is bounded from
below.
Proposition 2. For every smooth function w on S4, we have
162 log
(
3
82
∫
S4
e4(w−w) dVg0
)
2
∫
S4
(g0w)
2 dVg0 + 4
∫
S4
|dw|2g0 dVg0 + C,
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hence
Eg0 [w] − C
for some ﬁxed constant C.
Proof. This follows from [2], Lemma 5.3, or [4], Theorem 4.1. 
Beckner proved that Eg0 [w]0 for every smooth function w. The weaker statement
quoted above is sufﬁcient for our purposes.
Proposition 3. For every smooth function w on S4, we have
162 log
(
3
82
∫
S4
e4(w−w) dVg0
)
2
∫
S4
(g0w)
2 dVg0 + 4
∫
S4
|dw|2g0 dVg0
−24
∫
S4
(w − w)2 dVg0 + C,
hence
Eg0 [w]24
∫
S4
(w − w)2 dVg0 − C.
Proof. There exists a unique function v such that
2g0v − 2g0v = 24 (w − w)
and
∫
S4
v dVg0 = 0.
Standard elliptic regularity theory implies that
sup
S4
|v|C
(∫
S4
(w − w)2 dVg0
) 1
2
.
We now deﬁne a function u by u = w − v. Then we have
∫
S4
(g0u)
2 dVg0 + 2
∫
S4
|du|2g0 dVg0
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=
∫
S4
(g0w)
2 dVg0 + 2
∫
S4
|dw|2g0 dVg0
+
∫
S4
(g0v)
2 dVg0 + 2
∫
S4
|dv|2g0 dVg0
−2
∫
S4
(2g0v − 2g0v)w dVg0 ,
hence
∫
S4
(g0u)
2 dVg0 + 2
∫
S4
|du|2g0 dVg0
=
∫
S4
(g0w)
2 dVg0 + 2
∫
S4
|dw|2g0 dVg0
+
∫
S4
(g0v)
2 dVg0 + 2
∫
S4
|dv|2g0 dVg0
−48
∫
S4
(w − w)2 dVg0 .
Since the ﬁrst eigenvalue of −g0 is equal to 4, the ﬁrst eigenvalue of the Paneitz
operator Pg0 = 2g0 − 2g0 is equal to 24. This implies
∫
S4
v Pg0v dVg0
1
24
∫
S4
(Pg0v)
2 dVg0 = 24
∫
S4
(w − w)2 dVg0 .
Thus, we conclude that
∫
S4
(g0u)
2 dVg0 + 2
∫
S4
|du|2g0 dVg0

∫
S4
(g0w)
2 dVg0 + 2
∫
S4
|dw|2g0 dVg0 − 24
∫
S4
(w − w)2 dVg0 .
Applying Proposition 2 to the function u and noting that u = w − v = w, we obtain
162 log
(
3
82
∫
S4
e4(w−w) dVg0
)
= 162 log
(
3
82
∫
S4
e4(u−u) e4v dVg0
)
162 log
(
3
82
∫
S4
e4(u−u) dVg0
)
+ 642 sup
S4
v
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2
∫
S4
(g0u)
2 dVg0 + 4
∫
S4
|du|2g0 dVg0 + 642 sup
S4
v + C
2
∫
S4
(g0w)
2 dVg0 + 4
∫
S4
|dw|2g0 dVg0 − 48
∫
S4
(w − w)2 dVg0
+C
(∫
S4
(w − w)2 dVg0
) 1
2 + C.
From this it follows that
162 log
(
3
82
∫
S4
e4(w−w) dVg0
)
2
∫
S4
(g0w)
2 dVg0 + 4
∫
S4
|dw|2g0 dVg0 − 24
∫
S4
(w − w)2 dVg0 + C
for a suitable constant C. This completes the proof. 
In the sequel, we identify S4 with the unit sphere in R5:
S4 = {x ∈ R5 : |x| = 1}.
Moreover, we denote by B5 the unit ball in R5:
B5 = {x ∈ R5 : |x| < 1}.
In the next step, we assume that the metric e2w g0 satisﬁes the condition
∫
S4
e4w x dVg0 = 0. (*)
Using this condition, it is possible to derive the following inequality.
Proposition 4. Given any ε > 0, we can ﬁnd a constant C(ε) with the following
signiﬁcance: for every function w satisfying (∗), we have
162 log
(
3
82
∫
S4
e4(w−w) dVg0
)
(1 + ε)
∫
S4
(g0w)
2 dVg0 + 4
∫
S4
|dw|2g0 dVg0
+C(ε)
∫
S4
(w − w)2 dVg0 + C(ε),
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hence
Eg0 [w](1 − ε)
∫
S4
(g0w)
2 dVg0 − C(ε)
∫
S4
(w − w)2 dVg0 − C(ε).
Proof. This follows from [2], Lemma 4.3, or [4], Lemma 4.6. 
Using Propositions 3 and 4, we obtain a new proof of the following inequality, which
is due to Wei and Xu [12]. This inequality plays a key role in our analysis.
Proposition 5. There exist positive real numbers  and C with the following signiﬁ-
cance: for every function w satisfying (∗), we have
162 log
(
3
82
∫
S4
e4(w−w) dVg0
)
(2 − )
∫
S4
(g0w)
2 dVg0 + 4
∫
S4
|dw|2g0 dVg0 + C,
hence
Eg0 [w]
∫
S4
(g0w)
2 dVg0 − C.
Proof. Using Proposition 3, we obtain
Eg0 [w]24
∫
S4
(w − w)2 dVg0 − C.
Applying Proposition 4 with ε = 12 , we deduce that
Eg0 [w]
1
2
∫
S4
(g0w)
2 dVg0 − C
∫
S4
(w − w)2 dVg0 − C.
If we take a weighted average of the two inequalities, the assertion follows. 
Proposition 6. Let w be a smooth function on S4. Then there exists a unique vector
p ∈ B5 such that
∫
S4
e4w
(
p + 1 − |p|
2
1 + 2 〈p, x〉 + |p|2 (x + p)
)
dVg0 = 0.
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Proof. The existence part follows from degree theory. To prove the uniqueness part,
we consider two points p0, p1 ∈ B5 such that
∫
S4
e4w
(
p0 + 1 − |p0|
2
1 + 2 〈p0, x〉 + |p0|2 (x + p0)
)
dVg0 = 0
and
∫
S4
e4w
(
p1 + 1 − |p1|
2
1 + 2 〈p1, x〉 + |p1|2 (x + p1)
)
dVg0 = 0.
We can join the points p0 and p1 by a geodesic relative to the hyperbolic metric.
Hence, there exists a smooth path p : [0, 1] → B5 such that p(0) = p0, p(1) = p1,
and
d
dt
[
1
(1 − |p(t)|2)2 p
′(t)
]
= 2
(1 − |p(t)|2)3 |p
′(t)|2 p(t).
This implies
d
dt
[
1
1 − |p(t)|2 p
′(t)
]
= 2
(1 − |p(t)|2)2
(|p′(t)|2 p(t) − 〈p(t), p′(t)〉p′(t)).
For every 0 t1, we deﬁne
(x, t) = p(t) + 1 − |p(t)|
2
1 + 2 〈p(t), x〉 + |p(t)|2 (x + p(t)).
This implies

t
(x, t) = − 2
1 + 2 〈p(t), x〉 + |p(t)|2 〈p
′(t), p(t)〉 (x + p(t))
− 2 (1 − |p(t)|
2)
(1 + 2 〈p(t), x〉 + |p(t)|2)2 〈p
′(t), x + p(t)〉 (x + p(t))
+ 2
1 + 2 〈p(t), x〉 + |p(t)|2 (1 + 〈p(t), x〉) p
′(t).
From this we deduce that

t
(x, t) = − 2
1 + 2 〈p(t), x〉 + |p(t)|2 〈p
′(t),(x, t)〉 (x + p(t))
+ 2
1 − |p(t)|2 (1 − 〈p(t),(x, t)) p
′(t),
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hence

t
(x, t) = 2
1 − |p(t)|2
(
p′(t) − 〈p′(t),(x, t)〉(x, t))
− 2
1 − |p(t)|2
(〈p(t),(x, t)〉p′(t) − 〈p′(t),(x, t)〉p(t)).
This implies

t
[
1
1 − |p(t)|2 〈p
′(t),(x, t)〉
]
= 2
(1 − |p(t)|2)2
(|p′(t)|2 − 〈p′(t),(x, t)〉2).
Therefore, we obtain∫ 1
0
∫
S4
e4w
2
(1 − |p(t)|2)2
(|p′(t)|2 − 〈p′(t),(x, t)〉2) dVg0 dt
= 1
1 − |p(1)|2
〈
p′(1),
∫
S4
e4w (x, 1) dVg0
〉
− 1
1 − |p(0)|2
〈
p′(0),
∫
S4
e4w (x, 0) dVg0
〉
.
From this it follows that∫ 1
0
∫
S4
e4w
2
(1 − |p(t)|2)2
(|p′(t)|2 − 〈p′(t),(x, t)〉2) dVg0 dt = 0.
Since |(x, t)| = 1, the integrand is pointwise non-negative. Thus, we conclude that
p′(t) = 0, hence p0 = p1. 
3. Estimates in W 2,2
Suppose that g(t) is a solution of the Q-curvature ﬂow, and that the initial metric
g(0) is conformally equivalent to the standard metric on S4. This implies

t
g(t) = −(Qg(t) − Qg(t)) g(t),
where
Qg(t) =
∫
S4 Qg(t) dVg(t)∫
S4 dVg(t)
.
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Since g(t) is conformally equivalent to the standard metric on S4, we have
∫
S4
Qg(t) dVg(t) = 162,
hence
Qg(t) = 16
2∫
S4 dVg(t)
.
The metric g(t) can be written in the form g(t) = e2w(t) g0, where w(t) is a real-valued
function and g0 is the standard metric on S4. For abbreviation, let
q = 16
2∫
S4 e
4w(0) dVg0
.
Since the volume does not change along the ﬂow, we have
Qg(t) = 16
2∫
S4 e
4w(t) dVg0
= 16
2∫
S4 e
4w(0) dVg0
= q.
Therefore, the evolution equation for the metric takes the form

t
g(t) = −(Qg(t) − q) g(t).
We next consider the functional Eg0 [w] introduced in the previous section.
Proposition 7. We have
d
dt
Eg0 [w(t)] = −2
∫
S4
(Qg(t) − q)2 dVg(t).
In particular, we have
Eg0 [w(t)]Eg0 [w(0)]
for all t0.
Proof. Using the formula

t
w(t) = − 12 (Qg(t) − q),
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we obtain
d
dt
Eg0 [w(t)] = −2
∫
S4
(Qg(t) − q)2 dVg(t).
Therefore, the functional Eg0 is decreasing along the ﬂow. From this the assertion
follows. 
For every t0, there exists a unique vector p(t) ∈ B5 such that
∫
S4
e4w(t)
(
p(t) + 1 − |p(t)|
2
1 + 2 〈p(t), x〉 + |p(t)|2 (x + p(t))
)
dVg0 = 0.
(This follows from Proposition 6.) We deﬁne a diffeomorphism (t) : S4 → S4 by
(x, t) = p(t) + 1 − |p(t)|
2
1 + 2 〈p(t), x〉 + |p(t)|2 (x + p(t)).
For every tangent vector  ∈ R5, we have
(t)∗ = 1 − |p(t)|
2
1 + 2 〈p(t), x〉 + |p(t)|2
(
− 2 〈p(t), 〉
1 + 2 〈p(t), x〉 + |p(t)|2 (x + p(t))
)
.
Since 〈x, 〉 = 0 and |x| = 1, it follows that
|(t)∗|2 =
(
1 − |p(t)|2
1 + 2 〈p(t), x〉 + |p(t)|2
)2
||2.
Therefore, (t) is a conformal mapping. Moreover, the pull-back of the standard metric
g0 is given by
(t)∗g0 =
(
1 − |p(t)|2
1 + 2 〈p(t), x〉 + |p(t)|2
)2
g0.
We now consider the metric g˜(t) = e2w˜(t) g0, where
w˜((x, t), t) + log 1 − |p(t)|
2
1 + 2 〈p(t), x〉 + |p(t)|2 = w(x, t).
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The metric g˜(t) is related to the metric g(t) by
(t)∗g˜(t) = g(t).
We show that the function w˜(t) is uniformly bounded in W 2,2.
Proposition 8. There exists a constant C, depending only on the initial data, such that
‖w˜(t)‖W 2,2C for all t0.
Proof. Using the identity
∫
S4
e4w(t) (x, t) dVg0 = 0,
we obtain
∫
S4
e4w˜(t) x dVg0 = 0.
By Proposition 5, we have
Eg0 [w˜(t)]
∫
S4
(g0w˜(t))
2 dVg0 − C
for some constant  > 0. Moreover, the functional Eg0 is invariant under conformal
transformations (see [4], step (a) in the proof of Theorem 4.1). Therefore, we obtain
Eg0 [w˜(t)] = Eg0 [w(t)]Eg0 [w(0)].
From this it follows that
∫
S4
(g0w˜(t))
2 dVg0C,
hence
‖w˜(t) − w˜(t)‖W 2,2C.
Here, C is a constant which depends only on the initial data. Using Trudinger’s in-
equality, we obtain
∫
S4
e4(w˜(t)−w˜(t)) dVg0C.
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Since
∫
S4
e4w˜(t) dVg0 =
∫
S4
e4w(t) dVg0 =
∫
S4
e4w(0) dVg0 ,
we conclude that
w˜(t) − C
for some constant C which depends only on the initial data. Putting these facts together,
we obtain
‖w˜(t)‖W 2,2C.
This proves the assertion. 
In the next step, we study the evolution of the vector p(t) ∈ B5.
Proposition 9. There exists a constant C such that
∣∣∣∣ ddt log(1 − |p(t)|2)
∣∣∣∣ C
∣∣∣∣
∫
S4
(Qg˜(t) − q) x dVg˜(t)
∣∣∣∣
for all t0.
Proof. By deﬁnition of p(t), we have
∫
S4
e4w(t) (x, t) dVg0 = 0.
This implies
d
dt
(∫
S4
e4w(t) (x, t) dVg0
)
= 0,
hence
∫
S4
e4w(t)

t
(x, t) dVg0
= 2
∫
S4
e4w(t) (Qg(t) − q)(x, t) dVg0 .
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Using the identity

t
(x, t) = 2
1 − |p(t)|2
(
p′(t) − 〈p′(t),(x, t)〉(x, t))
+ 2
1 − |p(t)|2
(〈p′(t),(x, t)〉p(t) − 〈p(t),(x, t)〉p′(t)),
we obtain
∫
S4
e4w(t)
2
1 − |p(t)|2
(
p′(t) − 〈p′(t),(x, t)〉(x, t)) dVg0
= 2
∫
S4
e4w(t) (Qg(t) − q)(x, t) dVg0 .
This implies
∫
S4
e4w(t)
2
1 − |p(t)|2
(|p′(t)|2 − 〈p′(t),(x, t)〉2) dVg0
= 2
∫
S4
e4w(t) (Qg(t) − q) 〈p′(t),(x, t)〉 dVg0 .
From this we deduce that
∫
S4
e4w˜(t)
2
1 − |p(t)|2
(|p′(t)|2 − 〈p′(t), x〉2) dVg0
= 2
∫
S4
e4w˜(t) (Qg˜(t) − q) 〈p′(t), x〉 dVg0 .
Therefore, if we deﬁne
 =
∫
S4
√
1 − x25 dVg0 =
∫
S4
√
x21 + x22 + x23 + x24 dVg0 ,
then we have
2 |p′(t)|2
=
(∫
S4
√
|p′(t)|2 − 〈p′(t), x〉2 dVg0
)2

(∫
S4
e4w˜(t)
(|p′(t)|2 − 〈p′(t), x〉2) dVg0
) (∫
S4
e−4w˜(t) dVg0
)
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= (1 − |p(t)|2)
(∫
S4
e4w˜(t) (Qg˜(t) − q) 〈p′(t), x〉 dVg0
) (∫
S4
e−4w˜(t) dVg0
)
(1 − |p(t)|2) |p′(t)|
∣∣∣∣
∫
S4
e4w˜(t) (Qg˜(t) − q) x dVg0
∣∣∣∣
(∫
S4
e−4w˜(t) dVg0
)
.
Using Proposition 8 and Trudinger’s inequality, we obtain
∫
S4
e−4w˜(t) dVg0C.
Thus, we conclude that
|p′(t)|C (1 − |p(t)|2)
∣∣∣∣
∫
S4
e4w˜(t) (Qg˜(t) − q) x dVg0
∣∣∣∣ .
From this the assertion follows. 
Proposition 10. Given any T 0, there exists a constant C(T ) such that
1
1 − |p(t)|2 C(T )
for all 0 tT .
Proof. Integration by parts gives
∫
S4
e4w˜(t) (Qg˜(t) − q) x dVg0
=
∫
S4
(Pg0w˜(t) + Qg0 − q e4w˜(t)) x dVg0
=
∫
S4
Pg0w˜(t) x dVg0
= 24
∫
S4
w˜(t) x dVg0 .
This implies
∣∣∣∣
∫
S4
e4w˜(t) (Qg˜(t) − q) x dVg0
∣∣∣∣ C.
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Using Proposition 9, we obtain
∣∣∣∣ ddt log(1 − |p(t)|2)
∣∣∣∣ C.
From this the assertion follows. 
Corollary 11. Given any T 0, there exists a constant C(T ) such that
‖w(t)‖W 2,2C(T )
for all 0 tT .
4. Global existence
Proposition 12. For every real number T 0, there exists a constant C(T ) such that
‖w(t)‖W 4,2C(T )
for all 0 tT .
Proof. For abbreviation, we deﬁne
v(t) = −1
2
e2w(t) (Qg(t) − q)
= e2w(t) 
t
w(t)
= −1
2
e−2w(t) Pg0w(t) −
1
2
e−2w(t) Qg0 +
1
2
q e2w(t).
With this deﬁnition, we have

t
w(t) = e−2w(t) v(t)
and
Pg0w(t) = −2 e2w(t) v(t) − Qg0 + q e4w(t).
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From this it follows that
d
dt
(∫
S4
(Pg0w(t))
2 dVg0
)
= −4
∫
S4
e2w(t) v(t) Pg0(e
−2w(t) v(t)) dVg0
+2
∫
S4
(q e4w(t) − Qg0) Pg0(e−2w(t) v(t)) dVg0 .
Since Qg0 is constant, we obtain
d
dt
(∫
S4
(Pg0w(t))
2 dvg0
)
= −4
∫
S4
g0(e
2w(t) v(t))g0(e
−2w(t) v(t)) dVg0
−8
∫
S4
〈d(e2w(t) v(t)), d(e−2w(t) v(t))〉g0 dVg0
+2
∫
S4
q e−2w(t) Pg0(e4w(t)) v(t) dVg0 .
Using the identity
g0(e
2w(t) v(t))g0(e
−2w(t) v(t))
= (g0v(t) + 4 |dw(t)|2g0 v(t))2 − (4 〈dw(t), dv(t)〉g0 + 2g0w(t) v(t))2,
we obtain
g0(e
2w(t) v(t))g0(e
−2w(t) v(t)) − 12 (g0v(t))2
 − 16 |dw(t)|4g0 v(t)2 − 32 〈dw(t), dv(t)〉2g0 − 8 (g0w(t))2 v(t)2.
Using the Sobolev inequality and interpolation, we obtain
‖w(t)‖W 1,8C ‖w(t)‖
W
2, 83
C ‖w(t)‖
3
4
W 2,2
‖w(t)‖
1
4
W 4,2
,
‖w(t)‖W 2,4C ‖w(t)‖
1
2
W 2,2
‖w(t)‖
1
2
W 4,2
,
‖v(t)‖L4C ‖v(t)‖
1
2
L2
‖v(t)‖
1
2
W 2,2
,
‖v(t)‖
W
1, 83
C ‖v(t)‖
1
2
W 1,2
‖v(t)‖
1
2
W 2,2
C ‖v(t)‖
1
4
L2
‖v(t)‖
3
4
W 2,2
.
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From this we deduce that
∫
S4
|dw(t)|4g0 v(t)2 dVg0
‖dw(t)‖4
L8 ‖v(t)‖2L4
C ‖w(t)‖3
W 2,2
‖w(t)‖W 4,2 ‖v(t)‖L2 ‖v(t)‖W 2,2 ,
∫
S4
〈dw(t), dv(t)〉2g0 dVg0
‖dw(t)‖2
L8 ‖dv(t)‖2
L
8
3
C ‖w(t)‖
3
2
W 2,2
‖w(t)‖
1
2
W 4,2
‖v(t)‖
1
2
L2
‖v(t)‖
3
2
W 2,2
and
∫
S4
(g0w(t))
2 v(t)2 dVg0
‖g0w(t)‖2L4 ‖v(t)‖2L4
C ‖w(t)‖W 2,2 ‖w(t)‖W 4,2 ‖v(t)‖L2 ‖v(t)‖W 2,2 .
By Corollary 11, we have
‖w(t)‖W 2,2C(T )
for all 0 tT . Therefore, we obtain
∫
S4
g0(e
2w(t) v(t))g0(e
−2w(t) v(t)) dVg0 −
1
2
∫
S4
(g0v(t))
2 dVg0
 − C(T ) ‖w(t)‖W 4,2 ‖v(t)‖L2 ‖v(t)‖W 2,2
−C(T ) ‖w(t)‖
1
2
W 4,2
‖v(t)‖
1
2
L2
‖v(t)‖
3
2
W 2,2
for 0 tT . Moreover, we have
∫
S4
〈d(e2w(t) v(t)), d(e−2w(t) v(t))〉g0 dVg0
=
∫
S4
(|dv(t)|2g0 − 4 |dw(t)|2g0 v(t)2) dVg0
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 − 4 ‖dw(t)‖2
L4 ‖v(t)‖2L4
 − C ‖w(t)‖2
W 2,2 ‖v(t)‖L2 ‖v(t)‖W 2,2 .
This implies ∫
S4
〈d(e2w(t) v(t)), d(e−2w(t) v(t))〉g0 dVg0
 − C(T ) ‖v(t)‖L2 ‖v(t)‖W 2,2
for 0 tT .
Using the estimate
|Pg0(e4w(t))|  C e4w(t)
(
|∇4w(t)|g0 + |∇2w(t)|g0 + |∇w(t)|g0 |∇3w(t)|g0
+|∇2w(t)|2g0 + |∇w(t)|2g0 + |∇w(t)|4g0
)
,
we obtain
‖e−4w(t) Pg0(e4w(t))‖L2  C ‖w(t)‖W 4,2 + C ‖w(t)‖W 1,4 ‖w(t)‖W 3,4
+C ‖w(t)‖2
W 2,4 + C ‖w(t)‖4W 1,8 .
From this it follows that
‖e−4w(t) Pg0(e4w(t))‖L2  C ‖w(t)‖W 4,2 + C ‖w(t)‖W 2,2 ‖w(t)‖W 4,2
+C ‖w(t)‖3
W 2,2
‖w(t)‖W 4,2 .
Since ‖w(t)‖W 2,2C(T ), we conclude that
‖e−4w(t) Pg0(e4w(t))‖L2C(T ) ‖w(t)‖W 4,2
for 0 tT . Moreover, we have
‖e2w(t)‖L4C(T )
by Trudinger’s inequality. This implies∣∣∣∣
∫
S4
e−2w(t) Pg0(e4w(t)) v(t) dVg0
∣∣∣∣
C(T ) ‖e−4w(t) Pg0(e4w(t))‖L2 ‖v(t)‖L4
C(T ) ‖w(t)‖W 4,2 ‖v(t)‖W 2,2
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for 0 tT . Putting these facts together, we obtain
d
dt
(∫
S4
(Pg0w(t))
2 dVg0
)
 − 2
∫
S4
(g0v(t))
2 dVg0
+C(T ) ‖w(t)‖W 4,2 ‖v(t)‖L2 ‖v(t)‖W 2,2
+C(T ) ‖w(t)‖
1
2
W 4,2
‖v(t)‖
1
2
L2
‖v(t)‖
3
2
W 2,2
+C(T ) ‖v(t)‖L2 ‖v(t)‖W 2,2
+C(T ) ‖w(t)‖W 4,2 ‖v(t)‖W 2,2
for 0 tT . From this it follows that
d
dt
(∫
S4
(Pg0w(t))
2 dVg0
)
C(T ) (‖w(t)‖2
W 4,2 + 1) (‖v(t)‖2L2 + 1),
hence
d
dt
(∫
S4
(Pg0w(t))
2 dVg0 + 1
)
C(T )
(∫
S4
(Pg0w(t))
2 dVg0 + 1
) (∫
S4
(Qg(t) − q)2 dVg(t) + 1
)
,
for 0 tT . On the other hand, we have
∫ T
0
∫
S4
(Qg(t) − q)2 dVg(t) dt = 12 Eg0 [w(0)] −
1
2
Eg0 [w(t)]C
by Proposition 7. Thus, we conclude that
∫
S4
(Pg0w(t))
2 dVg0C(T )
for 0 tT . This completes the proof. 
Once we know that the solution is bounded in W 4,2, it is not difﬁcult to derive
uniform smooth estimates on any ﬁxed time interval [0, T ]. Note that the bounds may
depend on the length of the time interval. This is sufﬁcient to rule out the formation
of a singularity in ﬁnite time.
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5. Uniform estimates independent of time
For abbreviation, let
F(t) =
∫
S4
(Qg(t) − q)2 dVg(t).
Proposition 13. We have F(t) → 0 as t → ∞.
Proof. Let ε > 0 be arbitrary. By Proposition 7, we have
∫ ∞
0
F(t) dtC.
Hence, given any  > 0, we can ﬁnd a real number t00 such that
F(t0)
ε
2
and ∫ ∞
t0
F(t) dt.
We want to show that
F(t)ε
for all t t0. To this end, we deﬁne
t1 = inf{t t0 : F(t)ε}.
This implies
F(t)ε
for all t0 t t1. From this we deduce that∫
S4
Q2g(t) dVg(t)162 q + ε
for all t0 t t1. By Proposition 8 and Trudinger’s inequality, we have∫
S4
e12w˜(t) dVg0C.
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Using Hölder’s inequality, we obtain∫
S4
|Qg0 + Pg0w˜(t)|
3
2 dVg0

(∫
S4
e−4w(t) (Qg0 + Pg0w˜(t))2 dVg0
) 3
4
(∫
S4
e12w˜(t) dVg0
) 1
4
(162 q + ε)
(∫
S4
e12w˜(t) dVg0
) 1
4
for t0 t t1. From this it follows that∫
S4
|Qg0 + Pg0w˜(t)|
3
2 dVg0C,
hence ∫
S4
|Pg0w˜(t)|
3
2 dVg0C
for all t0 t t1. Using standard elliptic regularity theory, we obtain
|w˜(t)|C
for all t0 t t1. Here, C is a constant that depends only on the initial data.
For abbreviation, let
(t) = 3
82
∫
S4
Qg˜(t) dVg0 .
This implies
‖Qg˜(t) − (t)‖W 2,2C
(∫
S4
(g0Qg˜(t))
2 dVg0 + 2
∫
S4
|dQg˜(t)|2g0 dVg0
)
.
Since
Qg˜(t) − q = (Qg˜(t) − (t)) −
∫
S4 e
4w˜(t) (Qg˜(t) − (t)) dVg0∫
S4 e
4w˜(t) dVg0
,
it follows that
‖Qg˜(t) − q‖W 2,2C
(∫
S4
(g0Qg˜(t))
2 dVg0 + 2
∫
S4
|dQg˜(t)|2g0 dVg0
)
,
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where C depends only on the initial data. Using the Gagliardo–Nirenberg inequality,
we obtain
‖Qg˜(t) − q‖3L3C ‖Qg˜(t) − q‖2L2 ‖Qg˜(t) − q‖W 2,2 .
This implies∫
S4
|Qg˜(t) − q|3 dVg0
C
(∫
S4
(Qg˜(t) − q)2 dVg0
) (∫
S4
(g0Qg˜(t))
2 dVg0 + 2
∫
S4
|dQg˜(t)|2g0 dVg0
) 1
2
,
hence ∫
S4
|Qg˜(t) − q|3 dVg0
C
(∫
S4
(Qg˜(t) − q)2 dVg0
) (∫
S4
Qg˜(t) Pg0Qg˜(t) dVg0
) 1
2
.
Using the conformal invariance of the Paneitz operator, we obtain∫
S4
e−4w˜(t) |Qg˜(t) − q|3 dVg˜(t)
C
(∫
S4
e−4w˜(t) (Qg˜(t) − q)2 dVg˜(t)
) (∫
S4
Qg˜(t) Pg˜(t)Qg˜(t) dVg˜(t)
) 1
2
.
Since the function w˜(t) is uniformly bounded for t0 t t1, it follows that∫
S4
|Qg˜(t) − q|3 dVg˜(t)
C
(∫
S4
(Qg˜(t) − q)2 dVg˜(t)
) (∫
S4
Qg˜(t) Pg˜(t)Qg˜(t) dVg˜(t)
) 1
2
for all t0 t t1. This is equivalent to∫
S4
|Qg(t) − q|3 dVg(t)
C
(∫
S4
(Qg(t) − q)2 dVg(t)
) (∫
S4
Qg(t) Pg(t)Qg(t) dVg(t)
) 1
2
for all t0 t t1.
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The Q-curvature satisﬁes the evolution equation

t
Qg(t) = −12 Pg(t)Qg(t) + 2Qg(t) (Qg(t) − q).
From this it follows that
d
dt
(∫
S4
(Qg(t) − q)2 dVg(t)
)
= −
∫
S4
Qg(t) Pg(t)Qg(t) dVg(t)
+2
∫
S4
(Qg(t) − q)3 dVg(t) + 4
∫
S4
q (Qg(t) − q)2 dVg(t).
Using the previous estimate, we obtain
d
dt
(∫
S4
(Qg(t) − q)2 dVg(t)
)
C
(∫
S4
(Qg(t) − q)2 dVg(t)
)2
+ C
∫
S4
(Qg(t) − q)2 dVg(t)
for all t0 t t1. Hence, there exists a constant C, which depends only on the initial
data, such that
d
dt
F (t)C (F(t)2 + F(t))
for all t0 t t1. This implies
ε
2
F(t1) − F(t0)C
∫ t1
t0
(F (t)2 + F(t)) dtC (1 + ε) .
However, this is impossible if we choose  sufﬁciently small. Thus, we conclude that
F(t)ε
for all t t0. This proves the assertion. 
Proposition 14. There exists a constant C, depending only on the initial data, such
that ‖w˜(t)‖W 4,2C for all t0. Moreover, we have∫
S4
(Pg0w˜(t) + Qg0 − q e4w˜(t))2 dVg0 → 0
as t → ∞.
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Proof. By Proposition 13, there exists a constant C such that
F(t)C
for all t0. From this we deduce that∫
S4
Q2g(t) dVg(t)C,
hence ∫
S4
e−4w˜(t) (Qg0 + Pg0w˜(t))2 dVg0C
for all t0. Following the arguments in the proof of Proposition 13, we obtain∫
S4
|Qg0 + Pg0w˜(t)|
3
2 dVg0C
for all t0. From this it follows that
|w˜(t)|C
for all t0. Thus, we conclude that∫
S4
(Qg0 + Pg0w˜(t))2 dVg0C
for all t0. Therefore, the function w˜(t) is uniformly bounded in W 4,2. Moreover, we
have ∫
S4
(Pg0w˜(t) + Qg0 − q e4w˜(t))2 dVg0
C
∫
S4
e−4w˜(t) (Pg0w˜(t) + Qg0 − q e4w˜(t))2 dVg0
C F(t).
By Proposition 13, the function F(t) converges to 0 as t → ∞. From this the assertion
follows. 
Proposition 15. We have ∥∥∥∥w˜(t) − 14 log 6q
∥∥∥∥
W 4,2
→ 0
as t → ∞.
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Proof. Suppose this is not true. Then there exists a sequence of times {tk : k ∈ N}
such that tk → ∞ as k → ∞ and
inf
k∈N
∥∥∥∥w˜(tk) − 14 log 6q
∥∥∥∥
W 4,2
> 0.
By Proposition 14, the sequence {w˜(tk) : k ∈ N} is uniformly bounded in W 4,2. Hence,
after passing to a subsequence if necessary, we may assume that w˜(tk) converges to a
function u in the C0-topology. The function u is a weak solution of the equation
Pg0u + Qg0 = q e4u.
Standard elliptic regularity theory implies that u is smooth. According to a theorem of
Lin, there exists a vector p ∈ B5 such that
u(x) = log 1 − |p|
2
1 + 2 〈p, x〉 + |p|2 +
1
4
log
6
q
for all x ∈ S4 (see [5] or [9]). Using the identity
∫
S4
e4w˜(t) x dVg0 ,
we obtain
∫
S4
e4u x dVg0 = 0.
This implies
∫
S4
( 1 − |p|2
1 + 2 〈p, x〉 + |p|2
)4 〈p, x〉 dVg0 = 0,
hence
∫
S4
[(
1 − |p|2
1 − 2 〈p, x〉 + |p|2
)4
−
(
1 − |p|2
1 + 2 〈p, x〉 + |p|2
)4]
〈p, x〉 dVg0 = 0.
Since the integrand is pointwise non-negative, it follows that p = 0. Thus, we conclude
that
u = 1
4
log
6
q
.
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From this it follows that
∥∥∥∥w˜(tk) − 14 log 6q
∥∥∥∥
C0
→ 0
as k → ∞. This implies
∥∥Qg0 − q e4w˜(tk)∥∥C0 → 0
as k → ∞. By Proposition 14, we have
∫
S4
(Pg0w˜(tk) + Qg0 − q e4w˜(tk))2 dVg0 → 0
as k → ∞. Thus, we conclude that
∫
S4
(Pg0w˜(tk))
2 dVg0 → 0
as k → ∞. From this it follows that
∥∥∥∥w˜(tk) − 14 log 6q
∥∥∥∥
W 4,2
→ 0
as k → ∞. This is a contradiction. 
Proposition 16. We can ﬁnd positive real numbers t0 and C such that
∥∥∥∥w˜(t) − 14 log 6q
∥∥∥∥
2
W 4,2
C
∫
S4
(Qg(t) − q)2 dVg(t)
for all t t0.
Proof. For abbreviation, let
z(t) = w˜(t) − 1
4
log
6
q
.
By Proposition 15, we have ‖z(t)‖C0 → 0 as t → ∞. This implies∫
S4
(Pg0z(t) − 24z(t))2 dVg0
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2
∫
S4
(Pg0z(t) + 6 − 6e4z(t))2 dVg0 + 2
∫
S4
(6e4z(t) − 6 − 24z(t))2 dVg0
2
∫
S4
(Pg0w˜(t) + Qg0 − q e4w˜(t))2 dVg0 + C
∫
S4
z(t)4 dVg0
C
∫
S4
e−4w˜(t) (Qg˜(t) − q)2 dVg˜(t) + o(1) ‖z(t)‖2L2 .
Since w˜(t) is uniformly bounded from below, it follows that
∫
S4
(Pg0z(t) − 24z(t))2 dVg0
C
∫
S4
(Qg˜(t) − q)2 dVg˜(t) + o(1) ‖z(t)‖2L2 .
Moreover, we have
∣∣∣∣
∫
S4
4z(t) x dVg0
∣∣∣∣
=
∣∣∣∣
∫
S4
(e4z(t) − 1 − 4z(t)) x dVg0
∣∣∣∣
C
∫
S4
z(t)2 dVg0o(1) ‖z(t)‖L2 .
Using the estimate
‖z(t)‖2
W 4,2C
∫
S4
(Pg0z(t) − 24z(t))2 dVg0 + C
∣∣∣∣
∫
S4
z(t) x dVg0
∣∣∣∣
2
,
we obtain
‖z(t)‖2
W 4,2C
∫
S4
(Qg˜(t) − q)2 dVg˜(t) + o(1) ‖z(t)‖2L2 .
From this the assertion follows. 
Proposition 17. For every t0, we have
∫ ∞
t
∫
S4
(Qg() − q)2 dVg() d

∫
S4
(g0w˜(t))
2 dVg0 + 2
∫
S4
|dw˜(t)|2g0 dVg0 .
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Proof. By Proposition 15, we have
lim
t→∞
∥∥∥∥w˜(t) − 14 log 6q
∥∥∥∥
W 4,2
= 0.
This implies
lim
t→∞Eg0 [w˜(t)] = 0.
Since the functional Eg0 is invariant under conformal transformations, it follows that
lim
t→∞ Eg0 [w(t)] = 0.
Using Proposition 7, we obtain
∫ ∞
t
∫
S4
(Qg() − q)2 dVg() d = 12 Eg0 [w(t)],
hence
∫ ∞
t
∫
S4
(Qg() − q)2 dVg() d = 12 Eg0 [w˜(t)].
On the other hand, we have
log
(
3
82
∫
S4
e4(w˜(t)−w˜(t)) dVg0
)
0
by Jensen’s inequality. This implies
Eg0 [w˜(t)]2
∫
S4
(g0w˜(t))
2 dVg0 + 4
∫
S4
|dw˜(t)|2g0 dVg0 .
Thus, we conclude that
∫ ∞
t
∫
S4
(Qg() − q)2 dVg() d

∫
S4
(g0w˜(t))
2 dVg0 + 2
∫
S4
|dw˜(t)|2g0 dVg0
as claimed. 
30 S. Brendle /Advances in Mathematics 205 (2006) 1–32
Corollary 18. There exists a constant C such that
∫ ∞
t
∫
S4
(Qg() − q)2 dVg()C
∫
S4
(Qg(t) − q)2 dVg(t)
for t t0.
Proof. This follows immediately from Propositions 16 and 17. 
Corollary 19. We can ﬁnd positive constants C and  such that
∫ ∞
t
(∫
S4
(Qg() − q)2 dVg()
) 1
2
dC e−t
for all t0.
Proof. By Corollary 18, we have
∫ ∞
t
∫
S4
(Qg() − q)2 dVg() dC e−2t
for suitable constants C,  > 0. This implies
∫ k+1
k
(∫
S4
(Qg() − q)2 dVg()
) 1
2
dC e−k
by Hölder’s inequality. Summation over k gives
∫ ∞
k
(∫
S4
(Qg() − q)2 dVg()
) 1
2
dC e−k.
From this the assertion follows. 
Proposition 20. There exists a uniform constant C such that
‖w(t)‖W 4,2C
for all t0.
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Proof. By Proposition 9, we have
∣∣∣∣ ddt log(1 − |p(t)|2)
∣∣∣∣  C
(∫
S4
(Qg˜(t) − q)2 dVg(t)
) 1
2
= C
(∫
S4
(Qg(t) − q)2 dVg(t)
) 1
2
.
Moreover, we have
∫ ∞
0
(∫
S4
(Qg(t) − q)2 dVg(t)
) 1
2
dtC
by Corollary 19. Hence, there exists a constant C, which depends only on the initial
data, such that
1
1 − |p(t)|2 C
for all t0. By Proposition 14, we have
‖w˜(t)‖W 4,2C
for all t0. Thus, we conclude that
‖w(t)‖W 4,2C
for all t0. This proves the assertion. 
Proposition 21. There exist positive constants C and  such that
‖w(t2) − w(t1)‖L2C e−t1
for all t1 t2.
Proof. Using the identity
w(t2) − w(t1) = −12
∫ t2
t1
(Qg() − q) d,
we obtain
‖w(t2) − w(t1)‖L2C
∫ t2
t1
(∫
S4
(Qg() − q)2 dVg()
) 1
2
d,
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hence
‖w(t2) − w(t1)‖L2C e−t1
for all t1 t2. 
Since w(t) is uniformly bounded in W 4,2, it is not difﬁcult to derive uniform smooth
estimates for w(t). Exponential convergence follows from Proposition 21.
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